Abstract. Let D be the n-dimensional Lie ball and let B(S) be the space of hyperfunctions on the Shilov boundary S of D.
Introduction and Notations
Let X = G/K be a Hermitian symmetric space of non-compact type. Let (χ l , K c ) be a holomorphic character of the complexification K c of K and E l = G × χ l C the associated homogenous line bundle over X. Shimeno [7] proved that each eigenfunction of all invariant differential operators on E l is the Poisson transform of an element f in the space B(G/P min ; L l,λ ) of hyperfunction sections of the line bundle L l,λ over the Furstenberg boundary G/P min of X under certain condition on the parameter λ.
Recently, Ben Said proved a Fatou-type theorem for line bundles [1] , and he characterized the range of the Poisson transform of L p -functions on the maximal boundary of X as a Hardy-type space.
Since the space B(G/P Ξ ; s) (s ∈ C) of hyperfunction valued sections of degenerate principal series representations attached to the Shilov boundary S ≃ G/P Ξ of X is a G-submodule of B(G/P min ; L l,λs ) for some λ s ∈ C, it is natural to investigate under what conditions on the generalized Poisson transform F of f will f be in L p (S). To state the main result of this paper, let us introduce some notations. For l ∈ Z and λ ∈ C, we define the generalized Poisson transform P l,λ acting on hyperfunctions f ∈ B(S) by
The main result can be stated as follows. (ii) Let f ∈ B(S). For 1 < p < ∞, if F = P l,λ f satisfies P l,λ f λ,p < ∞, then f is in L p (S). Moreover, there exists a positive constant γ l (λ) such that for every function f ∈ L p (S), we have
Then its L 2 -boundary value f is given by the following inversion formula:
where C l (λ) is given by (3.1) (see Section 3).
The main tool to obtain our results is the asymptotic behavior of the generalized spherical functions, which is a consequence of the following Fatou-type theorem.
We now describe the organization of this paper. In Section 2, we define a generalized Poisson transform. In Section 3, we establish a Fatou-type theorem. In Section 4, we give the precise action of the Poisson transform on L 2 (S) (Proposition 4.1). In the last section, we prove Theorem 1.1.
Notice that the case l = 0 corresponds to our main theorem in [2] , which is governed by a Hua system. This leads to the conjecture that a Hua system depending on l might exist that could characterize the range of the Poisson transform P l,λ .
Poisson Transform
In this section, we consider a Poisson transform for the line bundle E l .
Let
) is a maximal compact subgroup of G. Let g and k be the Lie algebras of G and K respectively. Let θ denote the corresponding Cartan involution of G and g. We have a Cartan decomposition g = k ⊕ p, where p is the −1-eigenspace of θ in g.
Let g c be the complexification of g. For any subset m of g c , we denote by m c the complex subspace of g c spanned by m.
Since the symmetric space G/K is Hermitian, there exist abelian subalgebras p + and p − of g c such that p c = p + ⊕ p − . Let G c be the complexification of G with the Lie algebra g c . We denote by K c (resp. P + , P − ) the complex analytic subgroup of G c corresponding to k c (resp. p + , p − ). Then G/K is realized as the G-orbit of the origin U = K c P − of the generalized flag manifold G c /U . Thus P + K c P − is an open subset of G c , and any element w ∈ P + K c P − is uniquely expressed as w = p + kp − , with p + ∈ P + , k ∈ K c , p − ∈ P − . This is called the Harish-Chandra decomposition. One can prove that GU ⊂ P + U and that there exists a unique bounded domain
One fixes a point µU ∈ G c /U such that µU belongs to the boundary of GU /U and the G-orbit of µU is compact. The G-orbit GµU /U is the Shilov boundary of the bounded domain GU /U ∼ = G/K, and the isotropic subgroup of the point µU in G c /U is a maximal parabolic subgroup of G, which will be denoted by P Ξ .
In our case p + ≃ C n ,
and the action of G on D is given, for g = A B C D , by
Then S is the Shilov boundary of D. let P Ξ = M Ξ A Ξ N + Ξ be a Langlands decomposition of the maximal parabolic subgroup P Ξ of G:
On a Ξ , we define the linear form by ρ • (X • ) = 2, and, on A Ξ , we use the coordinate
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For λ ∈ C and l ∈ Z, let χ l denote the one-dimensional representation of U given by
and we denote the corresponding representation of K by the same notation. Thus, for any
we have χ l (k) = e −ilϕ . We denote by E l the line bundle over G/K associated with χ l . Then the space of all C ∞ -sections of E l is identified with
We denote by L ξ l,λ the line bundle on G/P Ξ associated with ξ l,λ . Then the space of the hyperfunction sections on L ξ l,λ is identified with
For φ ∈ B(G/P Ξ ; ξ l,λ ), we define the Poisson integral P l,λ φ by
Here dk denotes the invariant measure on K with total measure 1.
A straightforward computation shows that (see [6] )
Then, we obtain the following four isomorphisms
Since GU = (exp D)U we have for any g ∈ G and
This implies that
Substituting these functions into (2.1), we obtain
where P l,λ (z, u) is the generalized Poisson kernel of the Lie ball D with respect to its Shilov boundary S given by
A straightforward computation shows that (see [2, 6] )
Proof of Theorem 1.2
We begin by showing that the integral giving the c-function
, where θ is the Cartan involution of SO(n, 2) given by 2) .
To prove this lemma, we need the following lemma. [2, 6] ) For any g
Lemma 3.2 (see
Proof of Lemma 3.1 By using Lemma 3.2, we get
Thus we assume that iλ is real and l = 0. Now, we consider the following function
For x ≥ y ≥ 0, we get that
For 0 ≤ x ≤ y, to study the sign of f (x, y), we evaluate the sign of
Thus for anȳ
we have
This assures that the following integral
It is known that (see [5, p. 12 
This concludes the proof of Lemma 3.1. 
Proof of Theorem 1.2 (i) For
Next, since a tn a −t goes to the identity element e of G, as t −→ ∞, we deduce that
To justify the reversal order of the limit and integration, we use the dominated convergence theorem. For this, let
Since |ω l ( κ(n))| = 1 and |ξ l,λ (m)| = 1 for all m ∈ M Ξ , we have
In order to complete the proof, we apply the following lemma.
Lemma 3.3 Let t
The proof will be given at the end of this section.
For the case −1 < Re[iλ] − n 2 ≤ 0, we use (iii) of the above lemma to see that
which is an integrable function on N − Ξ .
In the case Re[iλ] − n 2 ≥ 0, we use (ii) of the above lemma to see that e
Thus,
Hence, the result follows, since N
For any φ ∈ C(G/P Ξ , ξ l,λ ) and Φ ∈ C(S), we have
where 
Before giving the proof of Theorem 1.2(ii), we recall a result about representations of compact groups. Let K be the set of equivalence classes of finite-dimensional irreducible representations of K. For δ ∈ K, let C(S)(δ) be the linear span of all K-finite functions on S of type δ. Then, by the Stone-Weierstrass theorem, the algebraic sum δ∈ b K C(S)(δ) is dense in C(S) under the topology of uniform convergence. Since S is compact,
For the proof of Theorem 1.2(ii), we need the following lemma. 
Proof For every r ∈ [0, 1[, we introduce the function P r l,λ on K as follows
Then, the above integral can be written as a convolution over the compact group K,
By the Young-Hausdorff inequality, we have
Next, using the fact that
we obtain from the Forelli-Rudin inequality (see [3] ) that there exists a positive constant γ l (λ) such that
This completes the proof of Lemma 3.4. Now, let us prove Theorem 1.2(ii). Let f ∈ L p (S). Then, for any ǫ > 0, there exists Φ ∈ δ∈K C(S)(δ) such that f − Φ p < ǫ, and one gets
and Theorem 1.2(i), we get
which implies (ii) and the proof of Theorem 1.2 is finished.
Proof of Lemma 3.3 For anȳ
−ηe
By using Lemma 3.2, we have
The Precise Action of the Generalized Poisson Transform
In this section, we have to study the action of the generalized Poisson transform P l,λ on L 2 (S). First, recall that the Peter-Weyl decomposition can be stated as 
Since the operator P 
Corollary 4.2 Let l
uniformly in m ∈ ∧.
4.1 Proof of Theorem 1.1
. By Lemma 3.4, we get the right-hand side of the estimate in Theorem 1.1. Thus, P l,λ f λ,p < ∞.
Let Φ be a continuous function in S. Then we have Hence,
Finally, we deduce that f ∈ L p (S) and that |C l (λ) | f p ≤ F λ,p .
For the case 1 < p ≤ 2, Let x n be an approximation of the identity in the space C(K/K ∩ M Ξ , χ l ) of continuous functions Φ on K satisfying Φ(km) = χ 
